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Abstract

The location and the size of a geometrically defected region in the side wall of a corner, which is generated during
the flat end-milling process, are investigated through experiments and geometrical analysis. A corner with inner and
outer surfaces is assumed to be made up of one arc-surface patch and two flat-surface patches. Based on the previous
findings that the change of material removal per tooth affects the geometry of the end-milled side wall, it is expected
that the geometrically defected regions are located around the corner when the tool is approaching and leaving the arc
surface. In this respect, analytic models are proposed to predict the location and the size of a geometrically defected
region, which are then validated via comparison with the experimental results.
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1. Introduction

There is no question on the importance of mold and
die in mass production. For example, the quality and
the cost of injection molding parts are affected by the
mold. The general 3-D part shape is represented as a
combination of flat-surface and arc-surface patches.
As a result, the end-milling process is commonly used
for making a mold even though there are several con-
ventional and non-conventional manufacturing proc-
esses. The time and money for the finishing opera-
tions, which are inevitable in mold making, are de-
pendent on the geometrical accuracy of the mold
surface just before the finishing process. It is thus
required to understand the geometric characteristics
of the end-milled surface. Many attempts have been
made to examine the relationships between the geo-
metric features of milled surfaces and the independent
cutting variables in the machining system [1-7]. The
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effect of the elastic deflection of a tool during end-
milling on the surface integrity of a part has been also
investigated [8-11]. Furthermore, geometric charac-
teristics of the end-milled flat surface and cylindrical
surface were studied previously [12,13].

In this paper, analytic models, which reveal the lo-
cation and the size of the geometrically defected end-
milled corner surface, are developed. Proposed models
are subsequently validated by comparing analytically
the simulated surface with the experimentally end-
milled surface under the same cutting conditions.

2. Defect zone length, valley angle and valley
depth

The exaggerated typical profiles of the end-milled
outer and inner corner surfaces are given in Figs. 1(a)
and (b), respectively, showing two distinctive charac-
teristics. One is that the true depth of cut on the arc-
surface region is either larger in case of the outer cor-
ner or smaller for the inner corner than the true depth
of cut on the flat-surface region, even if the feed rate
and the apparent depth of cut are kept constant during
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Fig. 1. Typical profile of end-milled corner surface (exagge-
rated presentation).

the process. Another is that gradual changes in true
depth of cut occur just before entering and leaving the
arc-surface region. Each portion, which shows the
gradual change in true depth of cut, is named as ‘de-
fect zone’. As a result, the corner surface always has
two defect zones. To maintain the consistency in ter-
minology with the previous work [12, 13], the range
and the relative depth of the defect zone formed just
before entering the arc-surface region are character-
ized with the help of ‘defect zone length (D))’ and
‘valley depth (V,)’. Similarly, the defect zone shaped
just before leaving the arc-surface region is character-
ized by ‘valley angle (6)’ and ‘valley depth (V,)’. The
defect zone length and the valley angle are depicted in
Fig. 2.

Fig. 2 is a schematic illustration of the relative mo-
tion of the end-milling tool in the process. If the spin-
dle speed, the feed rate and the apparent depth of cut
are kept constant during the process, the material
removal per tooth is also constant in region I, fol-
lowed by gradual changes from this constant value to
a certain one in region II. It is then maintained for
some duration of time in region III, and changes back
into the first constant value in region IV. Finally, it is
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L1

(b) Inner corner

Fig. 2. Classification of regions according to surface geome-
try.

kept constant as the first constant value in region V.
From this point of view, the corner surface can be
regarded as a composition of five regions. For con-
venience, they are named ‘steady cutting region in
flat-surface’ (I and V in Fig. 2), ‘entry region’ (II in
Fig. 2), ‘steady cutting region in arc-surface’ (Il in
Fig. 2) and ‘exit region’ (IV in Fig. 2), respectively.
Each region is defined as a location of the tool center.

3. Experiment

Fig. 3 illustrates the shape and size of specimens,
made from general purpose carbon steel, (SM45C).
The CNC vertical milling machine used in the ex-
periment was a Model TMV-40M. Prior to the ex-
periment, the machine table movement errors were
measured and calibrated, so that the errors were kept
to less than 0.5um. Titanium-coated standard 2 flutes
high speed steel end-milling tools were used for the
experiment. The diameter and the helix angle of tools
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Fig. 3. Specimen. (No scale, unit: mm).

are 20mm and 30°, respectively. Table 1 shows the
experimental cutting conditions. The spindle speed,
the feed rate and the axial depth of cut were set equal
to 381 rev/min, 70 mm/min and 10mm, respectively.
The radial depth of cut was varied from 0.5mm to
1.5Smm. As expected, the surfaces corresponding to
the regions II and IV were geometrically inaccurate
compared with the surfaces of the other regions. To
obtain a more precise profile of the specimen, only
the regions II and IV were measured by Form Taly-
surf Series 2 system.

4. Defect zone modeling

It has been recognized that there is an intimate rela-
tionship between the change of material removal per
tooth during the process and the defect zone, which
arises from the machining elasticity phenomenon [12,
13]. As mentioned, the defect zone length, the valley
angle and the valley depth are introduced to develop
analytic models. The ranges of the defect zones in
regions II and IV are presumed from the models for
the defect zone length and the valley angle, respec-
tively. The valley depth, which signifies the relative
difference between the after-machined surface in
radial direction and a reference surface, is assumed to
be proportional to the change of the material removal
per tooth. Via the comparison between the experi-
mental results and the simulation ones obtained by
using the valley depth model, the proportional factor
can be found.

4.1 Defect zone length and valley angle

Because the tool radius is not zero, the material re-
moval rate on the corner surface is not equal to that
on the straight surface even if the feed rate of tool
center and the apparent depth of cut are kept constant.
Therefore, the existence of a geometrically defected
region on the surface is inevitable around which the

Table 1. Experimental conditions.

Cut conditions Value
Feed rate (mm/min) 70
Spindle speed (rpm) 381
Axial depth of cut (4, ) (mm ) 10
Apparent radial depth of cut (R, ) (mm ) 0.5,1.0,1.5
Feed per tooth (mm/tooth) 0.09
Tool diameter (mm) 20
Tool path down cut milling
Tool revolution direction clockwise

surface patches with two different curvatures meet.
Figure 2 shows the coordinate system and the tool
location at the instant of occurrence of the change in
the material removal per tooth. The origin of coordi-
nate coincides with the arc center of the after-
machined surface. It is assumed that the X and Y axes
are passing through the final point and the initial point
of the arc in the order of surface generation, respec-
tively. The point P(x,',y.") indicates the tool cen-
ter location when its periphery meets the crossing
point of before-machined corner surface and Y axis.
The change in the material removal per tooth starts
when the tool center is located at P(xéI , yé’ ), and
continues until the tool center meets the Y axis. Thus,
the defect zone length, D,, is equal to the distance
between p(xéf , y({f ) and P(0, yé’ ). The coordinate
of p(x!,yl) satisfies the following set of equations:

(o f +pr -y weo)f =2 @i<op D

v = (1) (R +6) @
m=0, S=r, V=R, (outercornei
m=1, S=-r, v=-R,, (innercornei)

where R is the after-machined corner radius; 7 is the
tool radius; R, is the apparent radial depth of cut; m,
dand v are dummy variables. As a result, the defect
zone length, D, , can be expressed as

D, =|xél|= R,(2r-R,) ®)

Similarly, the tool traveling along the circular path
meets the crossing point of before-machined corner
surface and X axis when the tool center is located
at P( gi Y gV) . The material removal per tooth is
changing from this instance, and arrives at another
constant value when the tool center reaches the X axis.

The angle between the X axis and the line connecting
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P(x[,yl) and the origin corresponds to the valley
angle, @ . The values of xo ” and yo , which are
required to obtain &, can be found from an intersec-
tion point of the following two circles given by:

(7 F+ 0 F =R+ 87 )
b —(R+0)f + (0 f =62 (5)

>0 (outer corner
{x >0, y“ ( ):‘

&V <0 (inner corner)

The valley angle, 6, can be expressed as follows:

O=tan' =% yo

T
(O< H<E) (6)

0

4.2 Material removal per tooth in region I1

The material removal per tooth is defined to be the
amount of workpiece material removed by a cutting
tooth when the tool moves the distance that is equal to
the feed per tooth, f. It is determined from the equa-
tion

F
NxZ @)

f =

where F is the feed speed of the workpiece, N is the
rotational speed of the tool and Z is the number of
teeth on the tool periphery. If the displacement of the
tool center is equal to the defect zone length, the total

number of the material removal by every cutting tooth,

n, is
n=INT{D,/ f,} 8)

If the tool center is located at P(x,-” vl ) when the i
material removal occurs in the region II, x/" and
i

y;" inFigs. 4 (a) and (b) are expressed as

x[H =xé[ +ix S, (i=1,2, ..... ) n) ©)]

W' =" (R+0) (10)

A point, P(x;, y:‘), is the location of contact be-
tween the tool and the workpiece surface at that very
instant. Thus, x; and y must satisfy the following
set of equations:
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Fig. 4. Coordinate system for valley depth analysis.
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Fig. 5. Area s/ after the /" removal in region II.
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To find the i material removal per tooth, an
area, S l.” , is introduced. As shown in Fig. 5, §/ can
be expressed as a function of sub-areas, S, S,
S and Sg Figure 5 (a) shows these sub-areas and
points for the case of outer corner. The sub-areas are
defined by points, O,, O,, B;, B,, B; and B,. The

(12)

(outercorner)
(innercorner)

529

points O; and O, are the center of arc ( P(0,0)) and
the tool center ( P(xiH ! )). The coordinate of B; is an
intersection of the before-machined arc-surface and
the line X=r, is P(r, (R+Rd)sin{cos’l(r/(R+Rd ))}), the
coordinate of B, is p(x;‘, y:); the coordinate of Bj; is an
intersection of the after-machined flat-surface and the
line X=x", is P(x‘.” , R); the coordinate of B, is an
intersection of the Y axis and the line Y=R, is P(0, R)-
Therefore, the angles ¢; (£ B,O,B3), f (£ B,0;B;)
and ¥ ( £ B,0,B;) can be written as

5

X
*

Vi

I
1%

1

o; =tan +tan" (13)
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S (14)

i |
i
X; —X; (15)

—tan

The sub-areas, S (the area of polygon O,B,0,8;),
5;111 (the area of sector O;B;B;), Si’z’ (the area of
sector O,B,B;) and s (the area of triangle O;B;B,)
are also written as

Si'é :%{r(x: —xi")+\/(xi")z +R? \/(x,*)z +(yf)z sinal} (16)

st =5 &R+ R,V an
sh=2r, (18)
st = |rxa| (19)

The sub-areas and points for the inner corner case
are depicted in Fig. 5 (b). For this case, a pseudo cen-
ter, O;, with its coordinate P(0,—2R), is introduced.
The coordinates of the fixed points for B; and B, are
P(r,—R) and P(O,—R), respectively, while the co-
ordinates of the points, B, and Bj;, corresponding to
the initial and the final contact points between the
cutting edge and the workpiece surface in the i mate-

rial removal per tooth, are P(x:, y:) and P(xl,” — R).

Even though the definitions of ¢ ( L B,0;B3),
S/ (the area of polygon O,B,0:B;) and S /I (the
area of triangle O;B;B,) are different from those in the
outer corner case, equations (13), (16) and (19) are
still valid. There are no changes in the definitions of
the % ( £ B,0,B;) and S/0 (the area of sector
0,B,B;) compared to the outer corner case. The
newly defined £ (£ B,;03B,), & (£ B,0,B,) and
s/ (the area of polygon O;B;0;B, - the area of sec-
tor O,B;Bs) can be written as

B =tan™ I tant|—% . (20)
R 2R+,
r X
& =tan”! —‘—tan HEL 21
R Vi @b

st g AT b2 i
TG snsf-te-nre) e

Therefore, the area, S l.” , is given by:
17 17 11 17 11
S =80+ Sy =S5 =853 23)

And each sub-area for the outer corner case can be
found in Egs. (16)-(19). On the other hand, for the
inner corner case, Egs. (16), (23), (18) and (19) are
available.

In consequence, the material removal per tooth at
the /" occurrence in the region II can be expressed as

A =5/, -s]" ((=12n) (24)
and the initial value of the material removal per tooth,
A[' , is equal to the material removal per tooth in the
region . It can readily be obtained as a function of the
feed per tooth and the apparent depth of cut in this
region as:

A =f, xR, (25)

4.3 Material removal per tooth in region IV

If the angular displacement of the tool center corre-
sponding to the feed per tooth in the valley is 6, it is
given by

F

0 = — — (26)
" ZN x(R+5)
The total number of the material removal by every
cutting tooth in the valley, n, is

n=INT{6/6,} 27

such that when the i material removal occurs in the
valley, the angular displacement of the tool center, ¢,
and the coordinate of tool center, P(inV vl ) in
Figs. 4(c) and (d) can be expressed as

¢ =6-(ix0) (i=1,2n) (28)
x = (R +J)cos g, (29)
y" =(=1)"(R + 8)sin ¢, (30)

If the point of contact between the tool and the work-
piece surface is p (x , yi* ) at this moment, x.

1

and ' must satisfy the following set of equations:

X, =R+v ((=0,1,2,--n) GDh
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As shown in Fig. 6, an area, s, and sub-areas,
v, s, 81 and S/, areintroduced to find
the i material removal per tooth in region IV. The
points, which are used to describe the sub-areas for
the case of outer corner, are shown in Fig. 6(a). The
points O; and O, are the center of arc ( P(0,0)) and
the tool center ( p(xiW T )), respectively. In this
case, the coordinate of B; which is an intersection of
the before-machined flat-surface and the line Y=-r,
is p(x;‘,_,»); the coordinate of B, isp(x:‘,y:); the
coordinate of B; which is an intersection of the after-
machined ~ arc-surface and the line 00, ,
is P(x” xR/(R+r).y"” xR/(R+r)); the coordi-
nate of B,is P(R,0). The angle, ¢, is given by equa-
tion (28) and the angles § ( £ B,0,B;) can be written
as

w wo_
yl,z%—tan1|i?l/|—tan1|;;,,_:: (33)

The sub-areas, Si’OV (the area of triangle O,0,B,),
S!V (the area of triangle O,B,B;), S/7 (the area of
sector 0,B,B;) and §7" (the area of sector O,8;8,),
are expressed in the form of following equations:

= T B:
i o -~ s r)(;,
> h : B

01

\ BJ
% ;,__sz@m& - o B:
it (B, =
L R el
Bi

B
\ B
t '
() 7 01
2R - Bi

S = %(R )X rsin (34)
v o_ 1 *
S —3(R+Rd)r+y,- (35)
sy =12y, (36)
2
sY = %R% (37)

The sub-areas and points for the inner corner case
are also depicted in Fig. 6(b). The pseudo center, O;,
and the fixed points, B; and B,, are located at (2 R,0),
(x , r) and (R,0), respectively. The coordinates
of the points, B, and Bj;, which correspond to the
initial and the final contact points between the cut-
ting edge and the workpiece surface in the i ma-
terial removal per tooth, are P(xf, y:‘> and
P(x" xR/(R-r)y"” xR/(R-r)) . Hence, the
angles, ¢; (£ B,O;B;) and ¥ ( £ B,0,B3) can be writ-
ten as

|| w{R/R=r)} |

= tan”' t gy (38)
AR | 2R RIR 1)
1w Vi *
1| Vi 1| )i~V
y; =tan l_gv +tan! T (39)

In this case, the definition and equation of § iIZV (the
area of sector O,B,B;) are identical to those for outer
corner. The other sub-areas, S/ (the area of poly-
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gon 0,B,0;B5), S[IlV (the area of triangle O;B,B;) and
sy (the area of triangle O,;B;0; - the area of sector
0,B;B,), are also expressed:

sy = %rz X sin y, + sin ai( (ZR - x,)z + (yl)Z
xr=" (RAR=r )+l {RA(R -} ] (40)

S =S @+ R -7) @

sy = Rz(sin @ - %q),.j 42)
Therefore, the area, S Z.IV , can be written as:
SIW = SiloV + SillV - Silzy - Si[3V (43)

Each sub-area for the outer corner can be found in
Egs. (34)-(37). For the case of inner corner, Egs. (36)
and (40)-(42) are available.
In consequence, the material removal per tooth at
the i” occurrence in the region IV can be expressed as
4" =Sl s

1

(i=1,2,-----,n) (44)

and the initial value of the material removal per tooth,
ALV, is equal to the material removal per tooth in the
region III. It can readily be obtained as a function of
6 and the radial depth of cut in this region such that
Al =Mx(2R+v)x6 (43)
0 2 t

4.4 Valley depth

The apparent depth of cut is usually greater than the
true depth of cut. If the difference between the two
depths is larger, the defect zone depth appears to be

deeper. This has been known as ‘machining elasticity’.

For the application of the machining elasticity con-
cept, a coefficient of machining elasticity, K, is de-
fined by the ratio of true depth of cut to material re-
moval per tooth as

T, T,

K=-0="0 46
YR (46)

where T) is the initial value of the true depth of cut
equal to the true depth of cut in the steady cutting
region, 7} is the true depth of cut at the i" occurrence
in the defect zone, and 4, and A; are the values of the

material removal per tooth in the steady cutting re-
gion and at the i occurrence in the defect zone, re-
spectively. Thus, the valley depth at the i/” occurrence
in the defect zone, (V,),, is the same as the difference
between T, and T, such that

(Vd)i=TO_Ti=K(AO_Ai) (47)
Ay=A] A, =4" (regionll)
Ay=A7 A=A (regionlV)

It is very difficult to find the value of K theoreti-
cally, because it is affected by a variety of factors. It
is determined by comparison between the simulation
results by using this defect zone model and the ex-
perimental results by trial and error.

5. Results and discussions

Fig. 7 shows the measured valley profiles of the
experimented specimens and the predicted valley
profiles from the simulation results. Each vertical line
of x l.” = 0.0 in Fig. 7(a) and (c) is the straight line
passing through the arc center and the ideal start point
of arc, whereas the horizontal line of valley depth=0
corresponds to the after-machined flat-surface. Simi-
larly, each vertical line of ¢, = 0 in Fig. 7(b) and
(d) is the straight line passing through the arc center
and the ideal end point of arc, whereas the horizontal
line of valley depth=0 corresponds to the after-
machined arc-surface. To help in understanding the
milled-surface geometry, the valley angles are shown
as negative(-) values in this figure. The values of
xl.” or ¢, at the crossing point, where the valley
profile intersects the horizontal line of valley depth=0,
refer to the defect zone length or the valley angle
respectively.

All curves in Fig. 7(a) show that the true depth of
cut is gradually increasing compared to that of the
already machined flat-surface when the tool is ap-
proaching the arc-surface. Fig. 7(b) also depicts that
the true depth of cut is gradually decreasing compared
to that of the already machined arc-surface when the
tool is approaching the flat-surface. In summary, it
can be presumed that the after-machined outer corner
surface is rendered lower relatively near the arc, with
a constant curvature in most of the arc-surface, and
then becomes higher just before meeting the next flat-
surface along the tool path. This presumption well
matches the typical profile in Fig. 1(a). In the same
way, the after-machined inner corner shape can be
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Fig. 7. Defect zone profile.

deduced by using Figs. 7(c) and (d), such that the flat-
surface is rendered higher relatively near the arc, with
also a constant curvature in the arc-surface, and then
becomes lower just before meeting the next flat-
surface. The difference between the typical profiles of
the outer and inner corners is caused from the differ-
ence in the material removal per tooth values. Even
though the same machining conditions are applied for
both cases, the material removal per tooth can be
different depending on the curvature of the tool path,
because the feed rate on the workpiece surface is dif-
ferent from that of tool center.

Even if there is some discrepancy between the
measured values and predicted values, the predicted
defect zone profiles provide the same tendency as the
measured ones overall. It is presumed that the dis-
crepancy is caused by the assumption for defining the
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machining elasticity and the experimental errors in
the end-milling and the measurement processes. All
profiles describe that an increase in the apparent depth
of cut makes the defect zone wider and deeper if the
cutting conditions except the apparent depth of cut
remain unchanged.

Through the modeling, it is expected that the defect
zone is strongly affected not only by the apparent
depth of cut, but also by the tool radius and the radius
of corner, as can be ascertained from Fig. 8, in which
the normalized Egs. (3)-(6) including the parameters
divided by the radius of corner are plotted. The defect
zone lengths for both outer and inner corners remain
the same under the same cutting conditions, so that
curves in Fig. 8(a) can be valid for both cases. The
valley angles for both cases are, however, governed
by different equations. Fig. 8(b) includes the simula-

0
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Fig. 8. Effect of apparent depth of cut on defect zone length
and valley angle (Simulation).

tion results of both cases where positive(+) and nega-
tive(-) values of the horizontal axis correspond to the
case of outer and inner corner, respectively. As ex-
pected, the defect zone becomes wider when the ratio
of tool radius : radius of corner increases. If the corner
radius is given, the use of a bigger tool and larger
apparent depth of cut would lead to wider and deeper
defect zones on the corner surface. It is particularly
critical when the tool is just before leaving the arc-
surface and meeting another flat-surface in the case of
inner corner. It is therefore recommended to design a
corner with large radius and use a slender tool under
cutting condition of the small apparent depth of cut.

6. Conclusions

Experimental and geometrical analyses have been
performed to identify the location and size of a geo-
metrically defected region in the side wall of corners
during the flat end-milling process. In consequence,

the following conclusions have been drawn:

® [f a corner surface is considered as a combination
of a flat-surface, an arc-surface and another flat-
surface patch, it has been found that the geometri-
cally defected zones are always generated just be-
fore the tool is engaging the different surface
patch.

® As a result, two defect zones exist in a corner
surface, which are caused from the change of the
material removal per tooth.

® It is also revealed that they are affected by the
radius of corner, the tool radius and the apparent
depth of cut directly.

® From the viewpoint of geometrical accuracy, it is
more appropriate to machine a corner with a lar-
ger arc-radius using a slenderer end-milling tool
under the cutting condition of smaller apparent
depth of cut. None of them, however, can have
values of infinity or zero. Thus, even if the size of
the defect zone becomes smaller under the careful
selection of cutting conditions, it cannot be elimi-
nated or avoided.
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